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Introduction 

 

It is well known that if a trigonometric series converges in L1-metric to a function )(1 TLf 

then it is the Fourier series of the function f. In 1932, Risez gave a counter example to show 

that in L1-metric, the converse of the above said result does not hold good. This motivated 

various authors to study the L1-convergence of trigonometric series with special coefficients. 

Integrability and L1-convergence of trigonometric series with special coefficients have been 

studied by number of authors. The work on this topic was introduced by Young W.H.(1913) 

and Kolmogorov A.N. by taking classes of convex sequences( 02  na ) and quasi convex 

sequences 
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nan  respectively. They proved the following theorem: 

 

Theorem A: If  ka  is a convex(or quasi convex) null sequence, then 
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Teljakovskii S.A. (1973) considered another class S (introduced by Sidon (1939)) of L1-

convergence and proved the following result: 

Theorem B: Let the cosine series 
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k kxa  belong to class S. Then it is a Fourier series 

and the following relation holds: 
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During investigations, some authors introduced modified trigonometric sums, as these sums 

approximate their limits better than the classical trigonometric series in the sense that these 

sums converge in L1-metric to the sum of trigonometric series whereas the classical series 

itself may not. Garret J.W. and Stanojevic (1976), Kumari S. and Ram B. (1987), Chen C.P. 

(1987), Kaur K., Bhatia S.S. and Ram B. (2004), Kaur J., Bhatia S.S. and Ram B. (2008) and 

many others have introduced new modified trigonometric sums and studied their L1-



convergence under various classes of coefficient sequences.  

L1-convergence of complex trigonometric series has been studied by various authors such as 

Stanojevic C.V. and Stanojevic V.B.(1987),  Bhatia S.S. and Ram B. [(1993), (1995)], 

Tomovskii (2003), Kaur J. and Bhatia S.S. (2010) and many others for various classes of 

complex sequences. 

Integrability and L1-convergence of double trigonometric series has been studied by  various 

authors. In 1991, Moricz F. extended the classical theorems of Young W.H. (1913) and 

Kolmogorov A.N. (1923) from one dimension cosine and sine series to two dimensional 

cosine and sine series by considering the special cases. After that many authors have studied 

the L1-convergence of double trigonometric series. 

 

Objectives:  The objectives are given below: 

 

1. To obtain the complex form of modified trigonometric sums introduced by X. Z. 

Krasniqi [2009] and to study the necessary and sufficient condition for the 

integrability and L1-convergence of complex trigonometric series. 

2. To extend the results obtained in objective 1 as well as that of Krasniqi [2009] from 

one dimension to two dimensions. 

3. To generalize the results obtained in above two objectives for multidimensional 

trigonometric series (dim>2).   

4. To obtain new modified trigonometric sums for several variables and to study the L1-

convergence of multiple trigonometric series using the newly defined modified sums 

for several variables. 

5. We will try to apply the results obtained in above objectives to those problems where it 

is necessary to have estimate for the integral of a function in terms of Fourier 

coefficients. 

Methodology: 

1.  Literature survey. 

2. To introduce new modified trigonometric sums in real and complex form. 

3. To obtain new classes of coefficient sequences to study the integrability and L1-

convergence of trigonometric series in one and two dimensions. 



Work Done: 

 As per objectives and work plan, Firstly, we  have done literature survey. During literature 

survey , we found that modified trigonometric sums and different conditions on coefficients 

are tool to study the L1 -convergence of trigonometric series in one as well as in two 

dimensions. 

 we have completed first objective i.e. to obtain the complex form of modified trigonometric 

sums introduced by X. Z. Krasniqi [2009] and to study the necessary and sufficient condition 

for the integrability and L1-convergence of complex trigonometric series. 

               The complex form of modified cosine and sine trigonometric sums  
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and  have proved the convergence of complex trigonometric series under class J* of complex 

coefficients in metric space L . 

Main Result.  Let *ˆ Jcn  . Then there exists )(ˆ tf  such that 

(i) )(ˆ),ˆ(ˆlim tftCgn
n




 for ],0(|| t , 

(ii) ],0()(ˆ 1 Ltf   and )1()(ˆ),ˆ(ˆ
1

otftCg
L

n  as n , 

(iii) )1()(ˆ),ˆ(ˆ
1

otftfS
L

n   as || n . 

 

This result is published in IJETCAS, Vol. 11, Issue 2, 110-114 (2015). 

Along with this, due to advancement in Fuzzy theory, we have also extended the classical results 

on Fourier Analysis to fuzzy Fourier analysis. We have obtained necessary and sufficient 



conditions for fuzzy integrability and L1-convergence of fuzzy trigonometric series under more 

generalized conditions on fuzzy coefficients. 

New classes of fuzzy coefficients are introduced as follows: 

 A sequence )(}{ Fwak   is said to be decreasing sequence if kk aa 1  i.e. 





   )()( 1kk aa    and  



   )()( 1kk aa . 

 A sequence )(}{ Fwak   is said to be fuzzy null sequence if ]0[lim 
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k
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respect to the level sets. i.e.    10)(lim,0)(lim  
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 A decreasing sequence )(}{ Fwak   is said to belong to class BV(F) with respect to 

the level if }{ ka  is a fuzzy null sequence and the series 





0k

ka  is convergent. 

 A decreasing sequence )(}{ Fwak   is said to belong to class )(FKP  (for ]1,0[ ) 

if  }{ ka  is a fuzzy null sequence and the series  
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k kxb     be fuzzy trigonometric cosine and sine series. 

Theorem 2: Let }{ kb be a sequence of fuzzy coefficients belonging to class BV(F), then  

(i).  the series  converges   


 1

sin
k

k kxb   in  1L  - norm if and only if  
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(ii).   if ),0(1 Lg t  , then 


 1

sin
k

k kxb  is the Fourier series of tg . 

This result has been published in the Proceedings of  International Conference on 

Mathematical Sciences, held at Sathyabama University, Chennai, July 16-18, 2014 

(Elsevier). 

 

Theorem 3: If }{ ka  is a sequence of fuzzy coefficients belonging to class )(FK p , then  

(i).  ),0(1 Lf t  . 



(ii).   series  
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k kxaa  is the Fourier series of tf . 

(iii).   the series 
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Theorem 4: If }{ kb  is a sequence of fuzzy coefficients belonging to class )(FK p , then 

(i).  ),0(1 Lg t   if and only if 
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(ii).  if ),0(1 Lg t  , then 


 1

sin
k

k kxb   is the Fourier series of tg . 

(iii).   the series 


 1

sin
k

k kxb   converges to the fuzzy valued function tg  in ),0(1 L -norm 

if and only if  10]0[lnlim 


nbn
n
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These results has been published in Journal of Nonlinear Science and Applications 8(2015)  

23-39 (SCI). 

 

After that we have introduced modified trigonometric cosine and sine sums as 
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and a criterion for the summability and 1L -convergence of these modified sums is obtained. 

Also an application is given to illustrate the main result. 

Theorem. If }{ ka is a generalized semi-convex, then )(tfn  converges to )(tf  in 
1L -metric if and 

only if  0loglim 


nan
n

. 

Theorem. If }{ kb is a generalized semi-convex, then )(tgn  converges to )(tg  in 
1L -metric if and 

only if  0loglim 


nbn
n

. 

This paper “Convergence and Summability of Fourier Sine and Cosine series with its 



applications” has been published in Proceedings of National Academy of Sciences, India, Sect 

A Phys. Sci. DOI 10.1007/s40010-017-0471-5

 

In 2016, we introduced a new modified double trigonometric sine sum which is an extension of 

Xhevat modified trigonometric sine sum in one dimension and study its integrability and L1 

convergence of double trigonometric cosine series under new class.  

Theorem 1. If a double sequence }{ jka  belongs to the class jkS . Then  

(i) ),(),(lim
,

yxfyxgmn
nm




 exists. 

(ii) ).(1 QLf   

(iii) .0||||  nmasfgmn  
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